Structural and thermodynamic properties of macroions in solution are significantly affected by distortions of the ionic double layers at significant macroion volume fractions. This many-body effect limits theoretical descriptions based on the classical two-body Derjaguin-Landau-Verwey-Overbeek (DLVO) approach to dilute suspensions. We introduce a method to obtain effective point charges for macroions from cell theory, thereby naturally accounting for high volume fractions in both salt-free and added-salt conditions. By simulating systems containing macroions interacting via hard-core plus screened-Coulomb pair potentials using such effective point charges, we reproduce macroionmacroion spatial correlation and the virial pressure of primitive-model systems in which macroions and monovalent microions interact via Coulombic potentials at the same level. An analytical expression for the effective pair potential for smaller macroion charges is provided, thereby extending the accuracy of DLVO theory far beyond the dilute regime.
Coulombic interactions play a fundamental role in the microscopic and thermodynamic properties displayed by likecharged colloidal particles in liquid media. These include the colloidal stability of the solution against aggregation, as well as the sedimentation or crystallization of macroions in dense systems. The Derjaguin-Landau-Verwey-Overbeek (DLVO) theory [1, 2] , proposed around the 1940's, has been crucial for the understanding of colloidal dispersions in a wide variety of experimental conditions. In this theory, the effective pair potential between two equally charged macroions immersed in an electrolyte is expressed as the sum of three terms: a hard-core potential that takes into account the excluded volume of macroions (preventing their overlap), an attractive potential due to short-range (van der Waals) interactions, and an electrostatic screened-Coulomb or Yukawa potential resulting from the linearized Poisson-Boltzmann theory, which is the Debye-Hückel approximation. Many additions and modifications to the original theory have been proposed including ion correlations, polarization effects, patchiness, or charge regulation just to mention a few. Some of these modifications have shown to be pivotal for systems where the electrostatics are not well described by the linearized Poisson-Boltzmann theory alone. However, as Ninham wrote in 1999, The genius of DLVO lies not in complicated models that add more and more parameters, but in its extraction of the essential physics of the problem of lyophobic colloid stability [3] . As was mentioned by Verwey and Overbeek, the DLVO equation is nevertheless not entirely exact within the context of the underlying Debye-Hückel approximation; in the precise analysis of the force between two charged spheres in an electrolytic solution Verwey and Overbeek encountered additional terms that can be regarded as cross terms resulting from the exclusion of the ionic double layer surrounding the first sphere by the hard-core of the second sphere [1] . While in dilute solutions of macroions such contributions are small and can be safely neglected, in dense macroion systems those can become very significant since each macroion's electrical double layer overlaps with the hard cores of all neighbouring particles. As a result, the performance of the classical DLVO equation is limited to the description of dilute systems of macroions [4] [5] [6] [7] [8] , while many fascinating colloidal phenomena occur only in dense systems. Different approaches such as the (renormalized) Jellium model [9] and methods that calculate the osmotic pressure within a Wigner-Seitz cell [10, 11] have been proposed. However, they do not yield information on the spatial configuration of the macroions and consequently are also limited in the description of dense macroion systems.
In this work we introduce an intuitive method to calculate the effective electrostatic pair interaction between macroions in dense systems through identification of corresponding effective point charge, and verify its accuracy by comparing resulting radial distribution functions and pressures to the primitive model. To begin with, we will consider spherical and impenetrable macroions of valence Z and radius a immersed in a 1:1 electrolyte with bulk concentration c s . Traditionally for dilute macroion systems, the non-linear Poisson-Boltzmann (PB) theory establishes that the electrostatic potential is described by ∇ 2 Φ(r) = κ 2 res sinh Φ(r) outside the macroion, where Φ(r) = Ψ(r)e/k B T , Ψ(r) is the electrostatic potential, e is the elementary charge, and k B T is the thermal energy of the solution. The parameter κ res = √ 8πλ B c s is an inverse screening length depending on the Bjerrum length λ B ≡ e 2 /(k B T ), where is the relative dielectric permittivity. For sufficiently small charges, the PB equation can be linearised by using sinh Φ(r) ≈ Φ(r), resulting in the Debye-Hückel approximation, ∇ 2 Φ(r) = κ 2 res Φ(r). The electrostatic potential outside the macroion is found to be Φ(r) = λ B Q DLVO exp(−κ res r)/r, with r > a the distance to the center of the particle and Q DLVO ≡ Z exp(κ res a)/(1 + κ res a). The electric field, and thus the force on other charges, is the same as that of a point particle with charge Q DLVO . One can therefore identify Q DLVO as the effective point charge in DLVO theory and find the pair potential between two macroions from the screened Coulomb interaction of two point charges at a distance D,
with Q = Q DLVO and κ = κ res according to DLVO theory. * that can be inserted into DLVO theory. In the extrapolated point charge approach, the effective point charge Q is calculated directly from the extrapolation displayed in (g).
Apart from being restricted to non-dense systems, the DLVO equation above can not directly be applied to strongly charged macroions since the Debye-Hückel approximation no longer holds for these. To resolve this, Alexander and collaborators [10] proposed a method to calculate a renormalized surface charge Z * that far away from the charged macroion surface, induces the same electrostatic potential and electric field as would be obtained within the non-linear PB equation [10, [12] [13] [14] [15] [16] , see Fig. 1f . In a system of macroions at a concentration ρ M and macroion packing fraction η = 4πρ M a 3 /3, each of the macroions is imagined to be in the centre of a charge-neutral spherical cell with radius R = aη −1/3 , such that the summed volume of all cells match the system's volume [4] . This is illustrated in Fig. 1c . In this spherical geometry, the non-linear PB equation and the associated boundary conditions can be written as
where the prime symbol denotes a derivative w.r.t. r. The boundary conditions follow from Gauss' law and include the global electroneutrality condition of the whole system. This set of equations is typically solved numerically as no general analytical solution is known. Once the numerical solution is determined, one proceeds by linearising Eq. (2a) around the obtained potential at the cell boundary, which can be regarded as the Donnan potential, Φ D ≡ Φ(R). This yields the Debye-Hückel approximation Φ (r) + Φ (r)/2r = κ 2 Φ (r) for the shifted potential Φ (r) ≡ (Φ(r) − ∆Φ), with ∆Φ = Φ D − tanh Φ D , and the screening parameter κ = κ res √ cosh Φ D . Analytical solutions to the linearized PB equation are Φ (r) ≡ a + e +κr /r + a − e −κr /r. These form an accurate approximation to the nonlinear profile in the proximity of the cell's boundary if one chooses a ± = exp(∓κR) tanh Φ D (κR ± 1)/(2κ) [17, 18] , where the latter follows from the constraints Φ (R) + ∆Φ = Φ D and Φ (R) = 0. The effective surface charge can now be extracted from the derivative of the analytical approximation at r = a, i.e., Z * = −Φ (a)a 2 /λ B (see Fig. 1(f) ). Then, using κ and Z * as parameters, the effective interaction of the macroions can be estimated by using the DLVO theory again.
The accuracy and simplicity of the previous cell-model approach can however be improved by calculating an effective point charge Q directly through the identification of a point charge at r = 0 by the extrapolating the analytical approximation, yielding Q = lim r→0 −Φ (r)r 2 /λ B = (a + + a − )/λ B (see Fig. 1(g) ). The latter can also be expressed as
By definition, within the cell this point charge will induce the same approximation to the nonlinear potential profile close to the cell boundary; however, an effective system of point charges has no hard-core volumes that will overlap with ionic double layers. Therefore, Eq. (1) in combination with Eq. (3) can be applied to dense macroion systems to describe electrostatic pair interactions, having the coupling strength between two individuals being determined by the volume and charge of the collective. We will refer to the latter approach as the extrapolated point charge (EPC) method in the remainder of this text. Notice that hard-core repulsions for D < 2a should be maintained for the non-electrostatic part of the pair interactions.
In the regime where Z is small and the resulting potential profile is sufficiently flat throughout the cell, |Φ(R) − Φ(a)| 1, the analytical approximations to Eq. (3) will become exact on the entire space between the cell boundary and the macroion surface. As a consequence a ± can be calculated from Φ (a) = −Zλ B /a 2 and Φ (R) = 0 and a direct analytical relation between Z and Q follows (Fig. 1d) . Tantalizingly, inserting this Q into Eq. (1) yields a pair potential similar to the DLVO equation,
for D ≥ 2a, and V (D) = ∞ for D < 2a. The screening parameter κ that enters Eq (4) reduces to the reservoir value κ res for systems with a sufficient amount of added salt, for which |Φ D | 1. Recall that R = aη −1/3 and that η-independent DLVO theory is re-obtained for dilute suspensions, which is the limit R → ∞.
To verify our proposed prescription, molecular dynamics (MD) simulations of macroion/microion mixtures with particle diameters d M = 2a = 750Å, and d + = d − = 3Å, respectively, were performed in the NVT ensemble using the LAMMPS package [19, 20] . This extreme size-asymmetry between macroions and microions is selected to mimic realistic experimental colloidal systems. Macroions and monovalent microions, fulfilling the electroneutrality condition, were placed inside a cubic simulation box of length L under periodic boundary conditions. In the primitive model (PM) representation that we applied here, ionic species are represented by repulsive-core spheres with point charges in their centers immersed in a continuous solvent [21] [22] [23] [24] . The pairwise forces among all particles have a short-range repulsive-core potential component, u rc ij (D), and a long-ranged Coulombic pair potential contribution, βu el ij (D) = λ B z i z j /D, where z i and z j are the valences associated to particles i and j, respectively, and β = (k B T ) −1 . We model the repulsive-core pair potential between a particle of species i and a particle of species j, separated by a distance D, as an impenetrable hard-core u
The parameter σ regulates the hardness of the repulsive-core interactions. To mimic the hard core interaction characteristic of the primitive model, σ is set equal to 0.1 nm. We use λ B = 7.143Å throughout the text for theoretical and simulation calculations. Additional details of the simulation setup can be found in Refs. [22] [23] [24] .
In Fig. 2 we compare radial distributions from computationally expensive primitive model MD simulations (circles) to much faster and economic effective-model descriptions using MD simulations (main figure, solid lines) , and integral equations(inset, dashed lines). In the primitive model approach we use a cubic simulation box of length L = 8d M = 6000Å, containing 360 macroions of valence Z = 80, 31680 small monovalent counterions (-e), and 2880 small monovalent co-ions(+e). In the effective-model approach, microions are included implicitly in the Yukawa interactions between macroions with an effective charge Q and inverse screening length κ. The charges associated to the macroion profiles shown in Fig. 2 are Q = 204 following the EPC approach and Q = 167 following the surface charge renormalization approach in combination with the DLVO theory. An excellent agreement between the heavy-duty primitive model results, in which microions are included explicitly, and the computationally inexpensive MD Yukawa simulations using the EPC prescription can be observed in Fig. 2(a) . Contrastingly, surface charge renormalization in combination with the DLVO theory deviates significantly from primitive model simulation results, as expected at this volume fraction. The use of integral equations theory allows for an even faster numerical calculation of the radial distribution functions within the effective model as is illustrated in Fig. 2(b) . The Ornstein-Zernike equation using Percus-Yevick and Hypernetted Chain were solved displaying very poor results (data not shown). Contrastingly, the Rogers-Young(RY) closure [25] , which is known for its superb accuracy for hard-core Yukawa systems [26] [27] [28] [29] , was able to give a good qualitative agreement in comparison with primitive model results as can be seen in Fig. 2 (b) . Note that the PB techniques that we applied to obtain κ and Q are grand canonical and therefore require a reservoir ion density c s or screening parameter κ res , whilst the number of ions in the primitive-model system is fixed as there is no particle exchange with a reservoir. For any choice of c s , integration of the resulting ion profiles in the cell yields a total number of ions that can be compared with the number of ions per macroion in the simulation box. Subsequently, the right value for c s is determined by a root-finding procedure w.r.t. their difference.
The total microion/macroion pressure resulting from the primitive model, p PM , as well as the macroion pressure in the effective model, p EM , can be calculated via the virial equation
, where N sums all particles, in the primitive model, or only the macroions, in the effective model, and U ij (D ij ) is the derivative w.r.t. the distance D ij of the (un)screened Coulomb pair interaction between particles i and j. However, to relate p EM to p PM it is essential to include a correction term which can be regarded as the pressure of a homogeneous background of counterions and co-ions,
Density functional theory [4, 5, 8, 30 ] may be applied for a rigorous derivation of this pressure difference, which shows up as a volume term in the free energy of the effective system [5, 31] . We refer to the supplementary material for this. Note that Eq. (5) implies that the macroion osmotic pressure, which is the pressure w.r.t. the ion reservoir,
, does not equal p EM in general; only if κ approaches κ res , the pressure difference in Eq. (5) reduces to k B T κ 2 res /(4πλ B ) = 2c s k B T . Fig. 3 shows p PM from simulations as well as effective-model approximations following from Eq. (5), applying the RY closure to find p EM . One observes superior accuracy of EPC w.r.t. the surface charge renormalization approach for a wide range in Z (a), and in particular for high η (b). Whilst the dashed lines in Fig. 3 represent added salt cases, the full lines correspond to a system without co-ions, i.e. a salt-free 'reservoir': [32, 33] , for which Eqs. (2a) and (2b) in principle cannot be solved. Our cell calculations, however, show that the salt-free limit κ res → 0 is perfectly well defined and can be characterized by the condition that the number of co-ions is negligible w.r.t. the counterions. For small κ res , all relevant physical quantities such as the number of ions per macroion, Q, and κ converge to their values in a salt-free environment. Salt-free cases therefore do not require a root-finding procedure w.r.t κ res , but instead can be considered by choosing κ res sufficiently small such that κ res /κ 1, i.e. Φ D 1. For small macroion charges, Zλ B /a < ∼ 1, we find that the resulting physical κ is in accordance with a homogeneous distribution of neutralizing counterions, κ 2 = 3Zλ B η/(a 3 (1 − η)) [4, [33] [34] [35] . This in combination with Eq. (4) yields a density-consistent description of the pair interactions in salt-free systems depending on Z, λ B , a and η only. The pressure correction in Eq. (5) reduces to k B T κ 2 /8πλ B . The strong dependence of κ on η, is particulary important in other geometries from what we study here, such as the charged two-plate system. In the latter, the distance between the plates also sets the system's volume and therefore κ, yielding a non-exponential form for the pair-potential [36] . However, for macroion suspension this is not of relevance as η is a fixed parameter independent of the configuration.
In summary, we propose and verify an intuitive method to obtain effective pair interactions in macroionic systems. Our method extends the capabilities of the original DLVO theory to high valences and volume fractions of macroions using no additional assumptions besides the underlying Poisson-Boltzmann theory. We also propose a novel route to relate the pressure in systems of screened-Coulomb particles to the osmotic pressure that can be measured experimentally in colloidal systems, for example in sedimentation profiles [37, 38] . Our findings will enable an accurate match between experimentally obtained pressures or structure factors and those calculated by simulations or theory.
